Linear Algebra Study Guide
Systems of Linear Equations

A system of linear equationsin n variablesis a set of m equations, each of whichis
linear in the same n variables. The double subscript notation indicates a; is the coefficient

of x; intheith equation.

A%, + 3%, + A% . aX, =0
3% + X + 3%+ 3 X, = b,
31X + 8%y + A X + .+ 35, X, = by

X, + 8%, + 8%+ 8 X, =,

Systems of two Equationsin two Variables

If there is one solution the equations are a consistent system and the lines of the graphs
will intersect (intersecting lines, one solution). If al the values of one equation satisfy the
other equation, then the two consistent equations are called dependent equations and the
lines of their graphs will coincide (coincident lines, infinite solutions). To coincide isto
correspond exactly or occupy the same place in space. If thereisno set of values that will
satisfy both equations they are called inconsistent equations and the lines of the graph s
will be parallel (parallel lines, no solutions).

Consistency of systems of equations is the property possessed by a system of
eguations when there is at least one set of values of the variables that satisfies each
equation, for example the solution sets have one or more common points. If they are not
satisfied by any one set of values of the variables they are inconsistent.

There are three methods for solving systems of two equationsin two variables. Y ou
can solve by graphing to determine whether the lines of the graph intersect, are
coincident, or are parallel. You can also add or subtract the equations to solve for one
variable which can then be substituted back into the original equation to solve for the
other variable. For solving larger systems Gauss Jordan elimination is used.

Operations that lead to equivalent systems of equations:
1. Interchange two equations
2. Multiply an equation by a nonzero constant
3. Add amultiple of an equation to another equation

Using the three basic operations of Gaussian elimination, work from the upper left
corner of the system saving the x variable in the upper left position (making the x variable



equal to one) and eliminating the other x variables (making the other x variables equal to
zero) from the first column.

Properties of a Matrix in Row-echelon Form

1. All rows consisting entirely of zeros occur at the bottom of the matrix.

2. For each row that does not consist entirely of zeros, the first nonzero entry is one,
called aleading one.

3. For two successive nonzero rows, the leading one in the higher row is farther to
the left than the leading one in the lower row.

A system of equations is homogeneous when each of the constant termsis zero. A
homogeneous equation in n variables hasthe forma,, x, +a,X, +a %, +...+a,x, =0.

Every homogeneous system of linear equationsis consistent and must have at least one
solution. If the system has fewer equations than variables, it must have an infinite number
of solutions. Solutions in which at |east one of the variables has a value different from
zero are nontrivial solutions. If all the variables in a homogeneous system have the value
zero they are referred to astrivia solutions of a set of homogeneous linear equations.

Matrices

A matrix isarectangular array of numbers written using brackets. Matrices are
written in row and column format (r xc, or mxn). Theindividua elements of a
matrix are |abeled using aj; notation, wherei is called the row index and j the column
index. Element a; isin the ith row and the jth column of the matrix.

&; A & . En

B Ap By &0

% A - &,
A=l |=

8y Gy By e 8m

Add example matrix showing a; with numeric subscripts (e.g. a,,)

Matrix Operations

Addition and Subtraction of Matrices

Given two m x nmatrices A =[a;|and B=|b;|, their sumisA + B =g, +1I | and
their differenceis A —B = |a; —b;|. To add and subtract matrices they must be the same



order or size. To caculate the sum, add the elements in the corresponding positions of the
matrix. To calculate the difference, subtract the elementsin the corresponding positions
of the matrix. Addition of matricesis both commutative and associative.

Matrix Multiplication

For an mxn matrix A =|a;|andan nx pmatrixB = b; |, the product AB=|g; | isan
mx p matrix, where G = au-blj +a1.2~b21. +a1.3-b3j +...+am-bnj The entry o inAB is
obtained by multiplying the entriesin row i of A by the corresponding entriesin column |
of B and adding the results. In other words, multiply the rows times the columns and add.

To multiply matrices, the number of columnsin the first matrix must be equal to the
number of rows in the second matrix.

Scalar Multiplication

The scalar product of anumber k and amatrix A isthe matrix denoted kA, obtained
by multiplying each entry of A by the number k. The number kis called ascalar. A
scalar as contrasted with a vector, which represents both magnitude and direction, isa
number that measures magnitude, positive or negative, but not direction.

-3 0
Example: Find the scalar product of 3A where A = I4 5] .

e SR S

4 5 |34 30)| |12 15
Inverse Matrices
For an mxn matrix A, if thereisamatrix A forwhich A" > A=1=A.A!thenA*

istheinverse of A. To find the inverse matrix, form an augmented matrix consisting of an
identity matrix of the same order and perform row equivalent operations as in the Gauss-
Jordan elimination method. If the resulting matrix has an inverse it is called an inverted
or nonsingular matrix. If arow consisting entirely of zeroes occursin either of the two
matrices in the augmented matrix the matrix has no inverse and is called a singular
matrix. Not all matrices have an inverse. Anidentity matrix isasguare matrix with n
rows and n columns that contains zeroes for each of its elements except those along the
diagonal that begins with the element in the first row and the first column. The symbol |
is used to represent an identity matrix when its dimensions are not necessary and when
the dimensions can be determined from the context. The symbol |, represents the

identity matrix of dimension n by n. For example:



1 0 0
0
2 X 2 identity matrix 1, 0 1 0| 3x 3identity matrix I,
0 0 1

L U Factorization
LU factorization also known as LU decomposition is defined as follows:

If @ nxnmatrix A can be written as the product of alower triangular matrix L and
upper triangular matrix U, then A= LU isan LU factorization of A.

Given arandom sguare matrix, A, the only way we can guarantee that A will have an
LU decomposition isif we can reduce it to row-echelon form without interchanging any
rows. If we do have to interchange rows then there is a good chance that the matrix will
not have an LU Decomposition. There is no single unique LU-Decomposition for A.
Stochastic Matrices
Stochastic means regarding conjecture. Conjecture is an opinion, or judgment, formed on
defective or presumptive evidence; to infer on slight evidence.

Matrix Solutions of Systems of Equations

For asystem of n linear equationsin n variables, AX = B, if A isan invertible matrix,
then the unique solution of the system is given by X = A™B.

AX =B

AYAX)=A"'B Multiply by A™ on the left on both sides
(ATAX =A7'B Associative property of matrices
IX=A"B AlA =1

X=A"'B IX =X

Example: Solve the following system of equations using an inverse matrix:

—2x+3y=4
—3Xx+4y=5
—2 3| [x] [4
—3  4llyl |5

A -X=B
x| [4 —3|[4] [1
y| |3 —2| 5| |2




The solution to the system of equationsis (1, 2).
Deter minants

History: Determinants were originally considered without reference to matrices. A
determinant was defined as a property of a system of linear equations. The determinant
"determines’ whether the system has a unique solution (which occurs precisely if the
determinant is non-zero). In this sense, determinants were first used in the 3 century BC
Chinese mathematics textbook The Nine Chapters on the Mathematical Art.

In Europe, 2x2 determinants were considered by Cardano (1501 - 1576) at the end of
the 16th century and larger ones by Leibniz (1646 - 1716). Vandermonde (1735 - 1796)
was the first to recognize determinants as independent functions. Laplace (1749 - 1827)
gave the general method of expanding a determinant in terms of its complementary
minors. Following the work of Laplace, Lagrange (1736 - 1813) developed determinants
of the second and third order. Cauchy (1789 — 1857) was the first to use the word
determinant in its present sense. He also summarized and simplified what was then
known on the subject, improved the notation, and provided a proof of the multiplication
theorem.

Definition: A determinant isasquare array of quantities, called elements,
symbolizing the sum of certain products of these elements. The number of rows or
columnsisthe order of the determinant. The determinant of a square matrix isascaar
calculated by multiplying, adding, and subtracting various elements of the matrix.

If adeterminant has two rows and two columns, it is called a determinant of the
second order. The value of this determinant is the difference of the products of its
diagonals:

c d

ab‘

The value of this determinant is the difference of the products of its diagonals: ad —bc

A third order determinant is an array of numbers that has three rows and three
columns. To find the determinant of a system with an order (size) greater than three, you
need to use minors and cofactors.

There are two ways to determine the determinant of a 3 x 3 matrix. The first method is
the diagonal method and the second is cofactor expansion.

To apply the diagonal method, copy the first and second columns of A to form fourth
and fifth columns. The determinant is obtained by adding and subtracting the products of
the six diagonals.



By adding the lower three products and subtracting the upper three products you can
find the determinant.

|A=0+16+(—12)— (-4 —-0-6=2

Minor is defined as something that is less or smaller. The minor of an element in a
determinant is the determinant formed by striking out the row and column in which the

element occurs. For a square matrix A = [qj] , theminor M;; of an element g, isthe

determinant of the matrix formed by deleting the ith row and jth column of A. The real
number M, is the determinant of a sub-matrix of dimension nx1by nx1 which contains

everything except row i and column j of the original matrix. The number M; is called the

minor for element ij of the matrix. For example: given the following matrix find the
following minors;, M,,,M,,,M,.

-8 0 6
A=[a]=]4 -6 7
-1 -3
8 0 6
0o 6
4 -6 7 M31:IG 7} =0-7—(~6)6=0—(—36) =36
4 3 5
8 0 6
-8 6
4 -6 7 |v|32:[4 7} =-87-4.6=-56-24=-80
4 3 5
8 0 6
-8 6
4 -6 7 My, = =—8-(~6)—4-0=48-0=48
4 -6
1 -3 5

The cofactor of an element in the ith row and jth column of a determinant is the value
of the minor of that element if i +j is even, or the negative of the value of the minor of



the element if i +j is odd. For asquare matrix A =|a; |, the cofactor a; of an element

a,isgivenby A, = (=1)""'M, , where M isthe minor of &, .
Example 2: Find the cofactors of the minors from example 1 whereM ,, = 36,

M., =80, and M, =48.

Aij = (_1)i+j Mij

A, =(-1)%*"36 A, =(—1)°>?(-80) A, =(-1°°48
= (=136 = (-1°(-80) — (—1°48
=1.36 = (—1)(—80) =1.48

=36 =80 — 48

|A| = (~1)(36) + (—3)(80) + 5(48)
= —36— 240+ 240
—-36

The determinant of a matrix, denoted |A| can be determined by choosing any row or
column, multiplying each element in that row or column by its cofactor and adding.

Shortcuts and Special Cases

e Thedeterminant of atriangular matrix (onein which either al the entries above
the main diagonal are zero or all the entries below it are) is the product of the
entries on the diagonal.

e Thedeterminant of amatrix is the same as the determinant of its transpose
det(A) = det(A")

e |If amatrix hasarow or column of zeros, or if one row or column is amultiple of
another, then its determinant is zero.

The Adjoint of a Matrix

The adjoint of amatrix is the transpose of the matrix obtained by replacing each
element by its cofactor; the matrix obtained by replacing each element a; by the cofactor

of the element &, . The transpose of amatrix isformed by writing its column as rows. If
A =mxn then AT = nxm. The Hermitian conjugate matrix is frequently called the
adjoint matrix by writers on quantum mechanics.

If A isan nxminvertible matrix, then



L1
" det(A)

adj(A)

Cramer’'sRule

Cramer’srule, named after Gabriel Cramer (1704 -1752), provides a method for
solving systems of linear equations in two or more unknowns by expressing the unknown
variables as the ratio of two determinants. The formal definition is as follows:

For a system of n linear equationsin n unknowns, let A be the coefficient matrix of the
system. If det A = 0, then the solution of the system is given as

detA, _  detA, _ detA,

detA '’ detA % e A

Where the ith column of A, isthe column of constantsin the system of equations.

Cramer’ srule can be extended to a system of n linear equationsin n variables. The
value of each variableis the quotient of two determinants. The denominator isthe
determinant of the coefficient matrix, and the numerator is the determinant formed by
replacing the column corresponding to the variable being solved for with the column
representing the constants. Cramer’sruleis derived as follows:

X +ap% =h
A% +ayX% =b,

Multiplying the first equation by —a,, and the second equation by a,, and adding the
results produces the following:

—8 8% — 8a,X, = _aZlbl
A0 X + 38X = aubz
<a11a22 - a21a12) X, = anbz - azlb1

In order to add or subtract the constants the subscripts must be the same but do not
have to be in the same order. In this example, when you add —a,,a,x, and a,,a,,x the
result is zero.

(8l —3,2,) % _ &b —ayh
Q18 — &y, A8, — &y,

divide both sides by (a,,a,, —a,,a,,)

— a11b2 — a21b1

& a8, — 8y a;,



— azzbl — aleZ

& 31,8, — aya,

Since the numerators and denominators of both x, and X, can be represented as
determinants (e.g. a,a,, —a,a,,), you have the following:

‘bl a, a, b

b, 3, a b

_2 %2l B 1 _ 0

X a, a, % a, a, A, — 8, #
ay a, Ay o

The denominator for both X, and X, isthe determinant of the coefficient matrix A.
The determinant forming the numerator of x, can be obtained from A by replacing its

first column by the column representing the constants of the system. The determinant
forming the numerator of x, can be obtained by replacing its second column by the

column representing the constants of the system. The two determinants are denoted |A, |
and |A,|.

|Al|: b1 a12 |A2|: all b1
b, & & b,
Which resultsin xlz% and x, :%.

The syntax for systems of equations and determinants can vary from one textbook to
another, but the operations are the same. The syntax used most often for linear equations
isasfollows:

ax+hby+cz=d X +aX +agX =h
a,x+by+cz=d, 3% + 3% + 3% =D,
63X—|—b3y+%Z:d3 a31><1+a32x2+a33x3:b3

Cramer’ s rule using both types of syntax is given below. The solution of the systems
of equations where|A| = 0:

&% +8,% + 8% =h
A X+ ApX, + ApX; = bz
8y X, + 85, %, + 8%, =D,



b, &, a a, b a,
b, &, a a, b, ay
&:Mizm 8 A &:MJ:%l b, a,
Al e &, ay Al lan A,  ag
&y B Ay & 8y Ay
&,  a, A a, A, Ay
a, a, b
a & b,
&:JAJZZ%l &, b,
Al e &, as
& B Ay
a, A&, Ay

The solution of the systems of equations whereD = 0:

ax+hy+cz=d
azx+bzy+czzz dz
QX+hy+cz=d,

isgiven by
X=- —& Z— D,
D’ Y=o D’

where
a by G d, by G

D=|a, b, ¢ D,=d, b C,
3, b, G, d, b G
a d, G a by d,

Dy: a2 d2 C2 Dz: a2 bZ d2
3, d, ¢ 3, b, d,

Example 1. Solve the following system using Cramer’srule.




X—3y+7z=13

X+y+z=1
X—2y+3z=4
1 -3 13 -3
D=[1 1 1{=-10 D,=|1 1 1{=20
1 -2 4 -2
13 -3 13
D=1 1 1{=-6 D,= 1 1|=-24
4 -2 4
b, 20
D -10
y_Di_-6_3
D -10 5
D,_—_L
D -10 5

Triangular Matrix

For an upper triangular matrix the matrix must be square and all the entries below the
main diagonal are zero and the main diagonal entries and the entries above it may or may
not be zero. A lower triangular matrix isjust the opposite. The matrix is still a square
matrix and all the entries of alower triangular matrix above the main diagonal are zero
and the main diagonal entries and those below it may or may not be zero.

If A isatriangular matrix of order n, then its determinant is the product of the entries
on the main diagonal:

det(A) =|A| = a,8,8s..ay,
Rules for finding determinants using triangular matrices:
Let A be a square matrix:

1. If Bisthe matrix that results from multiplying arow or column of A by ascalar c,
then det(B) = cdet(A).

2. If Bisthematrix that results from interchanging two rows or two columns of A,
then det(B) = —det(A) . If you interchange two rows or columns you have to

place aminus sign in front of the determinant.



3. If Bisthe matrix that results from adding a multiple of one row of A onto another
row of A, or adding a multiple of one column of A onto another column of A, then
det(B) = det(A).

4. When you multiply arow by afraction it changes the value of the determinant so

you have to multiply the resulting matrix by the reciprocal of the scalar that was
used in the row operation.

Example:
-2 10 2
A=]1 0 7
0 -3 5
1 0 7
=-2 10 2 R<R
0 -3 5
1 0 7
=—0 10 16 R +2R
0 -3 5
1 0 7
8 1
=—(10)|0 1 = =
(10) Z 1
0 -3 5
1 0 7
8
=—(10)|0 1 < R, +3R,
0 0 49
5

det(A) = —10(1)(1) [4—59] — 08

Parametric Equations

Parametric equations are equations in which coordinates are each expressed in terms
of quantities called parameters. A parametrically defined curve uses individual equations
to represent the coordinates of each point. In 2-space the x and y coordinates of each
point are defined in terms of athird variable t called the parameter. Y ou then substitute a



value for t into both parametric equations to identify the coordinates of one point on the
graph of the parametric curve. For example, the linear equation y = 2x—7 can be
represented by the parametric equations x=t+3 and y = 2t—1. To eliminate the

parameter and express the parametric curve in rectangular form you eliminate the
parameter leaving behind only the variables x and y. To do this you solve one of the
parametric equations for t and substitute it into the other parametric equation.

Example: Eliminate the parameter from the equations x=t+3 andy =2t —1, and
express the equation in rectangular form.

X=t+3

x—3=t+3—3 subtract 3 from both sides of the equation
t=x-3

y=2t-1

y=2(x—3)—1 replacethe parameter t with its equivalent
y=2x—-6-1

y=2x—7

In selecting the variable for linear algebra problemsiit is recommended that choose the
variables that occur last in agiven equation to be the free variables. For example,

X =4-2%

In this form, the variable x, isfree, which meansit can take on any real value. The
variable x, isnot free because its value depends on the value assigned to x,. To

represent the infinite number of solutions of this equation, it is convenient to introduce
athird variable called the parameter. By letting x, =t you can represent the solution

setas x, =4—-2t, X, =t
Eigenvalues and Eigenvectors

Eigen is a German word which means proper or characteristic. Eigenvectors are a
specia set of vectors associated with alinear system of equations (i.e., amatrix equation)
that are sometimes aso known as characteristic vectors, proper vectors, or latent vectors.

The determination of the eigenvectors and eigenvalues of a system is extremely
important in physics and engineering, where it is equivalent to matrix diagonalization and
arises in such common applications as stability analysis, the physics of rotating bodies,
and small oscillations of vibrating systems, to name only a few. Each eigenvector is
paired with a corresponding so-called eigenvalue. Mathematically, two different kinds of
eigenvectors need to be distinguished: |eft eigenvectors and right elgenvectors. However,
for many problemsin physics and engineering, it is sufficient to consider only right
eigenvectors. Theterm "elgenvector” used without qualification in such applications can
therefore be understood to refer to aright eigenvector. An eigenvalue of a square matrix



isascalar that is usualy represented by the Greek letter \ (pronounced Lambda). An
eigenvector is avector. Moreover, we require that an eigenvector be a non-zero vector, in
other words, an eigenvector can not be the zero vector. We will denote an eigenvector by
the small letter x. All eigenvalues and eigenvectors satisfy the equation Ax = Ax for a
given square matrix, A. Eigenvalues are values of ) for which Ax = A\x . Eigenvectors are
solutions of x corresponding to particular values of A. An eigenvector cannot be zero. A
matrix can have more than one eigenvalue.

Let A bean nxn matrix. Then,

1. Anegenvaueof Aisascalar A suchthat det(Al — A)=0

2. Theeigenvalues of A correspondingto \ are the nonzero solutions of
Al=Ax=0

The equation det(Al — A) = 0 is called the characteristic equation of A. When expanded
to polynomial form the polynomial [(Al — A)|=A"+c,_A""+..+cA+¢, iscaled the

characteristic polynomial. From this definition it follows that the eigenvalues of an nxn
matrix A correspond to the roots of the characteristic polynomial of A.

Algorithm: Let A bean nxn matrix, then:

1. Form the characteristic equation |(Al — A)|=0

2. Find the roots of the characteristic equation. These are the eigenvalues of A
3. For each eigenvalue )\ , find the eigenvectors corresponding to )\, by solving the

homogeneous system (1 — A)x = 0. Use reduced row echelon form on the nxn

matrix. The resulting matrix must have at least one row of zeros (the system must
have nontrivia solutions).

Example: Find the eigenvalues and el genvectors corresponding to the following matrix:

2 -12
A—
i

First, solve the characteristic equation to find the eigenvalues.

I A
1 ol A 0] |2 -12
|()\I —A)|:)\ = —
0 1 0 Al 2 -5
A—2 12
= result of | — A
A

(A=2)(A+5)—(-1)(12) find the determinant



=\ +5\—2\—10+12

=\ 43\ +2 factor and solve for \
— O +D(A+2)

A +1=0 A +2=0

A +1-1=0-1 N +2-2=0-2
N=-1 A =2

Place eigenvalues back into the characteristic formulato form anew matrix. Next, use
Gauss-Jordon elimination to reduce the matrix to row echelon form with at least one row
of zeroes.

For eigenvalue \, = —1:

-1 0 2 -12, |-3 12
=Dl —-A= — =
0 -1 1 -5 -1 4
-3 12 -1 4
R2+— Rl
-1 4 -3 12
-1 4 -1 4
—3R1+ R2
-3 12 0 0
-1 4 . . L :
-1[0 O} multiply by -1 to get a positive coefficient in the first row
1 —
0 0

This gives the following equation:
X —4x,=0 where x, =t and x, —4t=0

This gives the eigenvector for )\ asfollows:

s

X
%

X

For eigenvalue \, = —-2:



- 0 2 12| |-4 12
(-2 —A= — =
0 -2/ 1 -5 -1 3
-4 12 -1 3
R2— Rl
-1 3 —4 12]
-1 3 -1 3
—4R1+ R2
-4 12 0 0
-1 3 _ . . :
-1[0 O] multiply by -1 to get a positive coefficient in the first row
1 —
0 0
This gives the following equation:
X —3%, =0 where x, =t and x, —3t=0

This gives the eigenvector for A, asfollows:

ol

For alinear transformation T on avector space V, an eigenvalueisascalar A for
which there is a nonzero member v of V for whichTv = Av. The vector visan
eigenvector (or characteristic vector). For amatrix A, the eigenvalues are the roots
(characteristic roots) of the characteristic equation of the matrix. The number A being an
elgenvalue means thereis anonzero vector X = (X, X,,...X,) for which Ax = Ax, where
multiplication is matrix multiplication and x is considered to be a one column matrix. If A
isan nxntriangular matrix, then its eigenvalues are the entries on its main diagonal .

Eigenspace isthe set of al eigenvectors of agiven eigenvalue \ together with the
zero vector and isasubspace of R" If A isan nxn matrix with an eigenvalue ), thethe
set of al eigenvectorsof )\, together with the zero vector

{o}u{x:xisaneigenvalueof \}isasubspaceof R". Thissubspaceiscalled the

eigenspace of \. Wolfram definition: If Aisan nxn sguare matrix and \ isan
eigenvalue of A, then the union of the zero vector 0 and the set of al eigenvectors

corresponding to eigenvalues )\ isasubspace of R" known asthe eigenspace of \.

%



Diagonalization

A diagonal matrix is asquare matrix all of whose nonzero elements arein the
principal diagonal. If, in addition, all the diagonal elements are equal, the matrix isa
scalar matrix. An identity (or unit) matrix is adiagona matrix whose elementsin the
principa diagonal are al unity.

Matrix diagonalization is the process of taking a square matrix and converting it into
aspecial type of matrix--a so-called diagonal matrix--that shares the same fundamental
properties of the underlying matrix. Matrix diagonalization is equivalent to transforming
the underlying system of equationsinto a special set of coordinate axesin which the
matrix takes this canonical form. Diagonalizing a matrix is also equivalent to finding the
matrix's eigenvalues, which turn out to be precisely the entries of the diagonalized matrix.
Similarly, the eigenvectors make up the new set of axes corresponding to the diagonal
matrix.

The remarkabl e relationship between a diagonalized matrix, eigenvalues, and
eigenvectors follows from the beautiful mathematical identity (the eigen decomposition)
that a square matrix A can be decomposed into the very specia form

Suppose that A is a square matrix and further suppose that there exists an invertible
matrix P (of the same size as A) such that P~*AP is adiagonal matrix. In such a case we
call A diagonalizable and say that P diagonalizes A. An nxn matrix A isdiagonalizable
if Aissimilar to adiagonal matrix. That is, A is diagonalizable if there exists and
invertible matrix P such that P~*AP . Two square matrices A and B are called similar if

there exists and invertible matrix P such that B= P *AP. An nxn matrix A is
diagonalizableif and only if it has n linearly independent eigenvectors.

Algorithm: To find P, provided it exists of course. First find the eigenvalues for the
matrix A and then for each eigenvalue find a basis for the eigenspace corresponding to
that eigenvalue. The set of basis vectors will then serve as a set of linearly independent
eigenvectors for the eigenvalue. If for al the eigenvalues we have a set of n eigenvectors
then A is diagonalizable and we use the elgenvectors to form P. If we don’t have a set of
n eigenvectors then A is not diagonalizable. The steps are as follows:

Let abean nxn matrix:

1. Find nlinearly independent eigenvectors p,,p,,..p, for A with corresponding
eigenvalues \, \,,..., A, . If nlinearly independent eigenvectors do not exist, then

Aisnot diagonalizable.
2. If A hasnlinearly independent eigenvectors, let P be the nx n matrix whose
columns consist of these eigenvectors. That is

3. Thediagona matrix D = P~*AP will have eigenvalues ), )\,,...,\, onitsmain

diagonal and zeros elsewhere. The order of the eigenvectors used to form P will
determine the order in which the eigenvalues appear on the main diagonal D.



Example: Show that the matrix A is diagonalizable. Then find a matrix P such that
P AP isdiagonal.

1 -1 -1
A=|1 3 1
-3 1 -1

The characteristic polynomial of A isasfollows:

A—1 1 -1
A A =|-1 A-3 “1=(A—2)(A+2)(A-3)
3 -1 A+

Thisgivesthe eigenvaluesof A =2, \, =—2, and )\, = 3. From these eigenvalues
obtain the reduced row echelon forms and corresponding eigenvectors.

1 1 1 1 0 1 ~1
20 —A=-1 -1 -1 —=lo 1 0 - x=|0
3 -1 3 0 0 0 1
1 0 1
-3 1 1 4 1
“2l-A=|-1 -5 -1 N 1 % —~ x,=|-1
3 -1 -1 0 0 0 4
2 1 1 1 0 1 —1
—A=|—-1 0 ~1 =0 1 1 x,=
3 1 4 0 0 0 1

-1 1 -1
P=|0 -1 1
1 4 -1

The matrix is nonsingular, which implies that the eigenvectors are linearly independent
and A isdiagonadlizable. P inverseis



-1 -1 0

pt—= E 0 E

5 5

1 1 1

5 5

So it follows that:

2 0 0
P AP =10 -2 0

0 0 3

Symmetric Matrices

A square matrix A is symmetric if itisequal toitstranspose A= A" . If Aisan nxn
symmetric matrix, then the following properties are true:

1. Aisdiagonalizable

2. All eigenvalues of A are red

3. If X isaneigenvaue of A with multiplicity k, the A\ has k linearly independent
eigenvectors. That is, the eigenspace of A has dimension k.

If the above properties are true, thisis called the Real Spectral Theorem, and the set of
eigenvalues of A is called the spectrum of A.

Orthogonal Matrix

An orthogonal matrix isamatrix that is equal to the inverse of its transpose. A square
matrix P is called orthogond if it isinvertibleand if P~* = P" . For example:
0 _
1 0 l '
An nxn matrix P isorthogonal if and only if its column vectors form and orthonormal
Set.

, 0
The matrix P =

is orthogonal because P = P" =

Orthogonal Diagonalization of a Symmetric Matrix
Let Abean nxn symmetric matrix:

1. Find al eigenvalues of A and determine the multiplicity of each

2. For each eigenvalue of multiplicity 1, choose a unit eigenvector. (Choose any
eigenvector and normalize it). The word multiplicity isagenera term meaning
"the number of values for which a given condition holds." For example, the term



is used to refer to the value of the totient valence function or the number of times
agiven polynomia equation has aroot at a given point.

3. For each eigenvalue of multiplicity k > 2, find a set of k linearly independent
eigenvectors. If this set is not orthonormal apply the Gram-Schmidt
orthonormalization process.

4. The composite of steps 2 and 3 produces an orthonormal set of n eigenvectors.
Use these eigenvectors to form the columns of P. The matrix

P 'AP = P"AP = D will be diagonal. (The main diagonal entries of D arethe
eigenvalues of A)

Example: Find an orthogonal matrix P that orthogonally diagonalizes the following
matrix:

o A

The characteristic polynomia of Ais:

A+2 -2

A _N:‘—z )\_]J:(A-l—:%)()\—z)

Which givesthe eigenvaluesof A, = -3 and )\, = 2.

For each eigenvalue, find an eigenvector by converting the matrix A\l — A to reduced row
echelon form.

-1 -2 1 2 -2
=3l - A= — — X, =
-2 4 0 0 1
2l b -1 1
2l — A= — 2 — X, = 5
a 0 0

The eigenvectors (-2, 1) and (1, 2) form an orthogonal basis for R?. Each of these
eigenvectors is normalized to produce and orthonormal basis. The normalized vector of X

is avector in the same direction but with norm (length) 1. It is denoted X and given by

X

X =
X

where |X| isthe norm of X, also called the unit vector.

(—21 %]

1
= =~ (=21 =|—
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w2 )
P2 a2 - g42- [f f]

Because each eigenvalue has amultiplicity of 1, construct the matrix P

2 1
.|
12
NN

Verify Pis correct by computingP AP = P" AP .

2 1 2 1

| El—z z] NG Ezl—a o]
1 2|2 11 27 2
NN NN

Rank of aMatrix

The dimension of the row or column space of amatrix A iscalled therank of Aandis
denoted by rank(A). The rank is the order of the nonzero determinant of greatest order
that can be selected from the matrix by taking out rows and columns. The concept rank
facilitates the statement of the condition for consistency of simultaneous linear equations:
m linear equationsin n unknowns are consistent when, and only when, the rank of the
matrix of the coefficientsis equal to the rank of the augmented matrix. For example, in
the system of equations

X+Yy+2z+3=0
2Xx+y+z+4=0

The matrix of the coefficients is

1 1
2 1

And the augmented matrix is
1 1 1 3
2 1 1

1
The rank of both is two, because the determinant ‘2 jl is not zero.



The dimension of the null space of A is caled the nullity of A and is denoted by
nullity(A).

Let A bean nxm matrix:

1. The subspace of R™ that is spanned by the row vectors of A is called the row
space of A.

2. The subspace of R" that is spanned by the column vectors of A is called the
column space of A.

3. Theset of al xin R™such that Ax = Qis called the null space of A.

Example: Find abasisfor the null space, row space and column space of the
following matrix. Determine the rank and nullity of the matrix.

1 2 -1 5 6
4 -4 -4 -12 -8
A:
2 0 -6 -2 4
3 1 7 -2 12

We'll find the nullspace first since that was the first thing asked for. The nullspaceis
the solution space of the homogeneous system Ax = 0. To do thiswe' |l need to solve
the following system of equations. To solve this system write the augmented matrix
A 0] in reduced row-echelon form.

—X, 42X, — X, +5X, +6x, =0
4x, —Ax, —4x, —12x, — 8% =0
2%, +0x, — 6%, — 2%, + 4%, =0
—3X + X, + 7% — 2%, +12%, =0

The solutions for this system are as follows:

X =3t X, =2t—8s X =t X, =2S X5

Il
7

The nullspaceis asfollows:

3
2t—8s

0

-8
+s|0
2s

X

I

—

I

—
ook N W




The basis for the nullspaceis:

3 0
2 -8
X |1 %0
0 2
0 1

So the nullity is nullity(A) = 2 and the rank is equal to 3.

Rank = n(# of columns) - nullity(A)
=5-2
=3

The rank provides a check when you find a basis for the row and column space. In this
case each should contain three vectors.

Next, the first, second and fourth columns of U contain leading 1's so they will form a
basis for the column space of U and thistells us that the first, second and fourth
columns of A will form abasis for the column space of A.

Matrix A in row echelon form is given below:

1 0 0
-2 1 0
=1 r,=|—2 r,=10
-5 2 1
—6 4 -2

Thefirst, second and fourth columns of U contain leading 1's so they will form abasis
for the column space of U. This also suggests that the first, second and fourth columns
of A will form abasisfor the column space of A.



|4 |4 |12
6=, 2= &=,
-3 1 —2

Summary of Equivalent Conditionsfor Square Matrices - A= nxn matrix

. Alsinvertible
Ax=Db hasaunique solution for any nx1 matrix b
Ax = 0has only thetrivial solution

. Alisrow equivalentto |

1

2

3

4

5. |Al =0
6. Rank(A)=n
7

8

. Thenrow vectors of A are linearly independent
. The n column vectors of A are linearly independent

Finding a Basisfor a Row Space

Find a basis for the row space:

1 3 -1 3
1 1 0

A=-3 O 6 -1
3 4 -2 1

2 0 -4 -2

Rewrite A in row-echelon form:

(o8]

I
o oo o Pk
© 0o o kR w
O ok o w

o o ok

The nonzero row vectors of B form abasis for the row space of A as shown below:
w, =(1L313) w, =(0,1,1,0) w, =(0,0,0,1)

Finding a Basisfor a Column Space



Find a basis for the column space of matrix A:

1 3 -1 3
0 1 1 0
A=-3 O 6 -1
3 4 -2 1
2 0 -4 -2

1 0 -3 3 2 1 0 -3 3 2
;13 1 0 4 0 0 1 9 -5 -6
A = —
1 1 6 -2 -4/ |0 0 1 -1 -1
3 0 -1 1 -2/ |0 0 0 0 0
The following form abasis for the row space of A" :
w, =(10,-33,2) w, =(0,1,9,—5,—6) w,=(0,01,-1,-1)

Thisis equivaent to stating that the following column vectors form abasis for the
column space of A:

1 0 0
1 0
-3 9 1
3 -5 -1
2 —6 -1

Finding a Basisfor a Subspace
Find a basis for the subspace of R®spanned by:

Vi Vv V3

s={(-125),(30.3),(518)}

Usev,, V,, and v, to form the rows of matrix A. Then write A in row-echelon form.



-1 2 5 -1 2 5
A=|3 0 3 — B|O 1 3
5 1 8 0 0 0

The nonzero row vectors of B that form abasis for the row space of A are asfollows:
w=(1-2-5)  w,=(019
These nonzero row vectors form a basis for the subspace spanned by S={v,,v,,v,}.

Change of Basis

Generdly, you are provided with the coordinates of a vector relative to one basis B
and are asked to find the coordinates relative to another basisB'. If you let B be the
standard basis, then the problem of finding the coordinate matrix relative to the basis B,
becomes one of solving for c¢,,c,,...,C,.

Coordinate representation relative to a basis

Let B={v,,V,,...,v, } bean ordered basis for avector space V and let x be avector in V
such that

X=0CV, +C,V, +..4+CV,

Thescdars c,c,,...,c, are caled the coordinates of x relative to the basis B. The

coordinate matrix (or coordinate vector) of x relative to B is the column matrix in
R" whose components are the coordinates of x.

=

G

Example 1: Find the coordinate matrix of x =(—2,1,3)in Rrelative to the standard
basis S={(1,0,0),(0,1,0),(0,0,1)} .

Because x can be written as:

X = (—2,1,3) = —2(1,0,0) +1(0,1,0) + 3(0,0,1)



The coordinate matrix of x relative to the standard basisis:

The components of x are the same as its coordinates relative to the standard basis.

Example 2: Find the coordinate matrix relative to a standard basis. The coordinate
matrix of x in R’ relative to the ordered basis B={v,,v,}={(1,0),(1,2)} is

Find the coordinates of x relative to the standard basis B' = {u,,u, } = {(1.0),(0,1)} .

Because [x|, = Ij then x =3v, +2v, = 3(1,0) + 2(1,2) = (5,4) and since

. 5
(5,4) = 5(1,0)+ 4(02), it follows that the coordinates of x relativeto B are [x|, = u

Example 3: Find the coordinate matrix of x =(1,2,—1) in R*relative to the
nonstandard basis B'= {u;,u,,u,} ={(1,0,1),(0,-1,2),(2,3-5)} .

Begin by writing x as alinear combination of u,,u, and uj:

X=CU, +CU, +GU,
(1L2-1)=(1L0D+¢,(0,-12) +c(23-5)

Equating corresponding components produces the following system of linear
equations:

C +2¢c,=1
—C,+3¢,=2
G +2c,-5¢=1

1 0o 2] [
1 3 |c,|=]2
1 2 —5|c| |-1



The solution of thissystemis ¢, =5, c,=-8, C,=—2 S0
X =510, +(-8)(0,1,2) +(—2)(2,3,-5)

And the coordinate matrix of x relativeto B'is

[X]B‘ =|-8
-2

Thelnverseof a Transition Matrix

Inverse is defined as opposite in nature and effect; -- said with reference to any two
operations, which, when both are performed in succession upon any quantity, reproduce
that quantity; as, multiplication is the inverse operation to division. The symbol of an

inverse operation is the symbol of the direct operation with -1 as an index; thus sin”* x
means the arc whose sine is x.

A transition is achange from one form to another or the movement from one place or
state to another.

If P isthetransition matrix from abasis B to abasisB inR", then P isinvertible and the
transition matrix from Bto B isgivenby P*.

Let B={v,,V,,Vs,...,V,} and B'={u,,u,,u,,...,u,} betwo basesfor R". Thenthe
transition matrix P~* from Bto B can be found by using Gauss-Jordan elimination on

the nx 2n matrix [B' : B], asfollows:
B B|—[l, P
Example:

Gram-Schmidt Process

The Gram-Schmidt Processis the process of forming an orthogona sequence from a
linearly independent sequence.
Linear Transformations

The Geometry of Linear Transformationsin the Plane



Reflection in y-axis Reflection in x-axis Reflectionsin Liney =X

-1 1 F 0] F w

0 1 0 — 1 0
T(X%y)=(=xY) T(X%y)=(X%—Y) T y)=(y.%
-1 O||x| |—x 1 0 |[x| [X 0 x| |y
0 1ly| |y 0 —1ly| |-y 1 olly| |x

Horizontal expansion (k >1) or contraction (0< k <1) wherek isa positive scalar

T(x,y) = (kx,y)

A:lk O] Ik ollx kﬂ
0 1 —

o 1yl |y

Vertical expansion (k >1) or contraction (0<k <1

1 0 T(xy) = (xky)

A:lo kl 1 0|/ x X
0 Kly |ky
Horizontal Shear Vertical Shear

F ﬂ F 1
A= A=

0 k k 1
T(Xy)=(Xx+ky,y) T(XYy)=(Xy+k1)
1 kiix| | x+ky 1 Of[x| |x
0 1yl y k 1||y| [kx+y

Shear is a transformation in which all points along agiven line L remain fixed while
other points are shifted parallel to L by a distance proportional to their perpendicular
distance from L. Shearing a plane figure does not change its area. The shear can also be
generalized to three dimensions, in which planes are translated instead of lines.

Rotationsin 3-space

Rotation about the x-axis ~ Rotation about they-axis  Rotation about the z-axis



1 0 0 cosf O sind cosff —sind 0
0 cosf —sind 0 1 0 sind cosd 0
0 sinf cosfd —sing O cosé 0 0 1

In each case the rotation is oriented counterclockwise relative to a person facing the
negative direction of the indicated axis.

Example: Given the eight vertices of arectangular box having sides of length 1, 2,
and 3, find the coordinates of the box when it is rotated counterclockwise 60 degrees
about the z-axis.

1.\ 0

cosd —sind 0 2 2
. J3 1

sing  cosé Ol=|— — 0
0 0 1 2 2

0 0 1
Original Vertex Rotated Vertex
V, =(0,0,0) (0,0,0)
V, =(10,0) (0.5,0.87,0)
V;=(120) (—1.23,1.87,0)
V, =(0,2,0) (-1.73,1,0)
V; =(0,0,3) (0,0,3)
Vs =(10,3) (0.5,0.87,3)
V, =123 (—1.23,1.87,3)
V, =(0,2,3) (—1.731,3)

Groupsand Fields

A group isaset G with abinary operation whose domain is the set of al ordered pairs
of members of G, whose range is contained in G, and which satisfies the following
conditions:

1. Thereisamember of G (caled the identity or unit element) such that its product
with any member, in either order, is that same member

2. For each member of G thereisamember (called the inverse) such that the product
of thetwo, in either order, isthe identity

3. Theassociative law holds a(b-c) = (a-b)c



The positive and negative integers and zero form a group under ordinary addition, the
identity being zero and the inverse of an integer its negative. A group is Abelian (or
commutative) if (in addition to the three assumption listed above it satisfies the
commutative law. A group for which all members are powers of one member is cyclic.
The number of members of afinite group is the order of the group.

A field isaset for which two operations call addition and multiplication are defined
and have the following properties:

1. Theset F isacommutative group with addition as the group operation

2. Multiplication is commutative and the set, with the identity zero of the additive
group omitted is a group with multiplication as the group operation

3. Thedistributive law holds a(b+ c) = ab+ acfor adl a, b, and c in the set

4. Each nonzero element, ain F hasan inverse element a* in F relative to
operation of multiplication.

Hermitian (Hermitian conjugate of a matrix) — The transpose of the complex
conjugate of the matrix; called the adjoint of the matrix by some writers on quantum
mechanics.

Linear Programming

Linear programming isthe mathematical theory of the minimization or maximization of
alinear function subject to linear constraints. A solution of alinear programming
problem is any set of values x that satisfy the m linear constraints. A solution consisting

of nonnegative numbersis afeasible solution. A solution consisting of m x’s for which
the matrix of coefficientsin the constraintsis not singular, and otherwise consisting of
zeros, isabasic solution. A feasible solution that minimizes the linear formisan
optimal solution.

A two-dimensional linear programming problem consists of alinear objective function
and a system of linear inequalities called constraints. The objective function gives the
guantity that isto be maximized (or minimized), and the constraints determine the set of
feasible solutions.

If alinear programming problem has an optimal solution, it must occur at a vertex of the
set of feasible solutions. If the problem has more than one optimal solution, then at |east
one of them must occur at avertex of the set of feasible solutions. In either case, the
value of the objective function is unique.

To solve alinear programming problem involving two variables by the graphical method,
use the following steps.

1. Sketch the region corresponding to the system of constraints. (The pointsinside or
on the boundary of the region are called feasible solutions.)
2. Find the vertices of the region.



3. Test the objective function at each of the vertices and select the values of the
variables that optimize the objective function. For a bounded region, both a
minimum and maximum value will exist. (For an unbounded region, if an optimal
solution exists, it will occur at avertex.)

Example: Find the maximum values of:
z=3x+2y Objective function
Subject to the following constraints:

x>0
y=>0
X+2y<4
x—y<1

Constraints

Set the equations equal to the constant and graph. The constraints form an area or region.
At the vertices of thisregion the values of the objective function are as follows:

At (0, 0) z=3(0) + 2(0) =0
At (1,0)z=3(1) + 2(0) = 3
At(2,1)2=3(2) +2(1) =8
At (0,2) z=3(0) + 2(2) = 4

The maximum value occursat z=8 whenx=2andy = 1.

When solving alinear programming problem, it is possible that the maximum (or
minimum) value occurs at two different vertices. Some linear programming problems
have no optimal solution. This can occur if the region determined by the constraints is
unbounded.

Simplex Method

The simplex method is carried out by performing elementary row operations on a matrix
called the smplex tableau. This tableau consists of the augmented matrix corresponding

to the constraint equations together with the coefficients of the objective function written
in the form:

6% X% = 6%, + (008 + (0, +..t (0), +2=0

Because the left-hand side of each inequality isless than or equal to the right-hand side,
there must exist nonnegative numbers s, s,,..., s, that can be added to the |eft side of

each equation to produce the system of linear equations. The numbers s, s,,...,s, are
called dack variables because they represent the “ slack” in each inequality. Occasionally,



the constraints in alinear programming problem will include an equation. In such cases,
you can till add a*“ dack variable” called an artificial variable to form theinitial simplex
tableau. Technically, this new variable is not a slack variable (because thereisno slack to
be taken). Once you have determined an optimal solution in such a problem, you should
check to see that any equationsin the original constraints are satisfied.

Once you have set up the initial simplex tableau for alinear programming problem, the
simplex method consists of checking for optimality and then, if the current solution is not
optimal, improving the current solution. (An improved solution is one that has alarger -
value than the current solution.) To improve the current solution, bring a new basic
variable into the solution, the entering variable. Thisimplies that one of the current basic
variables (the departing variable) must leave, otherwise you would have too many
variables for a basic solution. Y ou choose the entering and departing variables as follows.

1. The entering variable corresponds to the smallest (the most negative) entry in the
bottom row of the tableau.

2. The departing variable corresponds to the smallest nonnegative ratio of in the
column determined by the entering variable.

3. Theentry in the simplex tableau in the entering variable’ s column and the
departing variable' srow is called the pivot.

Finally, to form the improved solution, apply Gauss-Jordan elimination to the column
that contains the pivot.

A basic solution of alinear programming problem in standard form is a solution
(X Xy, %35 1, S5 -5y ) Of the constraint equations in which at most m variables are

nonzero, and the variables that are nonzero are called basic variables. A basic solution for
which all variables are nonnegative is called a basic feasible solution.

Algorithm for the Simplex Method

1. Determine the objective function

2. Determine the constraints

3. Convert each inequality in the set of constraints to an equation by adding slack
variables.

4. Createtheinitial simplex tableau.

5. Locate the most negative entry in the bottom row. The column for thisentry is
called the entering column. (If ties occur, any of the tied entries can be used to
determine the entering column.)

6. Form theratios of the entriesin the “b-column” with their corresponding positive
entries in the entering column. The departing row corresponds to the smallest

. . b o , .
nonnegative ratio—- . (If al entriesin the entering column are O or negative, then
&
there is no maximum solution. For ties, choose either entry.) The entry in the
departing row and the entering column is called the pivot.



7. Use elementary row operations so that the pivot is 1, and all other entriesin the
entering column are 0. This processis called pivoting.
8. If al entriesin the bottom row are zero or positive, thisisthe final tableau. If not,

go back to step 3.
9. If you obtain afinal tableau, then the linear programming problem has a
maximum solution, which is given by the entry in the lower right corner of the

tableau.

Example: Use the ssmplex method to find the maximum value of the objective function:
Z=2X —X +2X
Constraints:

2%, + X, <10
X 42X, — 2%, <20
% +2% <5

Where x, >0, x, >0, x, >0 and the basic feasible solution is
(%%, %,5,S,S,)=(0,0,0,10,20,5)

Add slack values and create the initial simplex tableau:

X % X 85 5 5 b
2 1 0 1 0 0 10 S
1 2 -2 0 1 0 20 S,
0 1 2 0 0 1 S,
-2 1 -2 0 0 0
L ocate the most negative entry in the bottom row and find the smallest nonnegative
ratio3 .
g

Wono, 2o 2.2

0 -2 2 2

Thefirst ratio isdivision by zero so it is not defined, the second ratio is negative, and the
third ration is the smallest nonnegative value so 2 will be the pivot, shown in bold below.



X X% X% 85 s 5 b
2 1 0o 1 0 0 10 s
1 2 -2 0 1 0 20 s
0 1 2 —o0 o—1 5 X,
-2 1 -2l o 0 0 0

Use Gauss-Jordan elimination so that the pivot is 1, and all other entriesin the entering
column are 0. This processis called pivoting. Notice that the basic variables change as a
result of the pivot process.

Use the following row operations:

R3+R2
1ps
2
X X, X S S S; b
2 1 0 1 0 0 10 S
1 3 0 0 1 1 25
1 1 5
0 — 1 0 0 — —
2 2 2 %
-2 2 0 0 0 1 5

Since thereis still a negative value in the bottom row of the tableau you need to repeat
the pivot process.

E:5, §:25 E/O:ND
2 1 2
X X% X% 85 s 5 b
1 1
1 — 0 — 5
2 2 %
5 1
0 =0 -= 1 1 20
2 2 %
1 1 5
0 = 1 0 0 = =
2 2 2 %
0 3 0 1 0 1 15

Thisimpliesthat the optimal solution is (X, %,,%;,S,,S,,S;) = [5, o,g,o, 20,0] and the

maximum value of zis 15.



Z=2X—X%X,+2X%
2:2(5)—O+2[§
z=10+5

z=15

—————



